Experiments have established that CTLs do not require continuous antigenic stimulation for expansion. Instead, responses develop by a process of programmed proliferation which involves~7-10 antigen-independent cell divisions, the generation of effector cells and the differentiation into memory cells. The effect of this program on the infection dynamics and the advantages gained by the program have, however, not been explored yet. We investigate this with mathematical models. We find that more programmed divisions can make virus clearance more efficient because CTL division continues to occur independent from antigenic stimulation when virus load drops to low levels. This results in stronger effector activity at low virus loads, and in a higher chance of virus extinction. On the other hand, the more programmed divisions occur, the less efficient the response is at preventing high acute virus loads and thus acute symptoms. The reason is that the programmed divisions are independent from antigenic stimulation, and an increase in virus load does not speed up the rate of CTL expansion. We hypothesize that the 7-10 programmed divisions observed in vivo represent an optimal solution to this trade-off which maximizes the chances to clear, while preventing excessive acute pathology. If the CTLs fail to clear the virus, however, we find that the properties of the programmed proliferation model are very similar to those derived from models which assume continuous antigenic stimulation. We discuss these results in the context of data from murine virus infections and explore implications for virus dynamics in CD4 helper-deficient hosts.
Introduction
In recent years, immunological research has given rise to important new insights into the mechanisms by which CTLs respond to infectious agents. It has traditionally been assumed that CTL division and expansion requires constant antigenic stimulation. A series of papers demonstrated, however, that this is not the case (1) (2) (3) (4) (5) . Instead, a single encounter with antigen triggers a program of CTL expansion and differentiation which is independent from further antigenic stimulation events. This is referred to as programmed proliferation. It is thought that the CTLs undergo~7-10 cell divisions which result in the generation of effector cells, and subsequently in the differentiation into memory cells. If this does not result in the clearance of the pathogen, the memory CTLs are reactivated and further expansion occurs. Experimental data (6) (7) (8) have shown that CD4 T cell help is specifically required for the re-stimulation and expansion of the memory CTLs. CD4 cell help is not required for CTL expansion during the primary response.
While these insights have provided a new and better understanding about the way in which CTLs respond to antigenic stimulation, little is known about how programmed proliferation influences the dynamics of viral infections. This is the subject of the paper. We aim to investigate how programmed proliferation influences the kinetics of virus growth and CTL-mediated clearance. Does programmed proliferation enable the host to deal more effectively with pathogens? Why has programmed proliferation evolved? We compare the properties of the programmed proliferation model with those derived from models which assume continuous antigenic stimulation, and discuss the interpretation of experimental data from murine virus infections. Finally, the analysis enables us to gain a better understanding of infection dynamics in helper-deficient hosts which is discussed both from a theoretical and an experimental perspective.
Methods

Analysis of the mathematical model
The results presented in this paper are based on a mathematical model of programmed CTL proliferation. So far, only one mathematical paper has been published in the context of programmed CTL proliferation (9) , and this study has a very different focus and the model is different. The present mathematical model which describes programmed CTL proliferation contains the following variables: resting and memory CTLs, m; newly activated CTLs, m 0 ; activated CTLs which have undergone i ði = 1; . . . ; nÞ cell divisions, m i , and effector CTLs, z. It is given by the following set of differential equations. dz dt = 2rm nÿ1 ÿ cz ÿ dz;
This is coupled with a basic model of infection dynamics which is given as follows.
where x denotes the population of susceptible host cells, y the population of infected cells and v the population of free virus. Uninfected cells are assumed to be produced at a constant rate k, and die at a rate dx. Without an infection, the abundance of uninfected cells converges to an equilibrium value given by k/d, and this can correspond to tissue. Free virus particles infect susceptible cells at a rate proportional to the product of their abundances, bxv. The rate constant b describes the efficacy of this process, including the rate at which virus particles find uninfected cells, the rate of virus entry and the rate of successful infection. Infected cells produce free virus at a rate proportional to their abundance, ky, and die at a rate ay. In addition, infected cells are killed by the CTL response with a rate pyz. The model can be easily modified to include non-lyitc CTL activity, but this would not make a difference in the context of the questions investigated here. Finally, free virus particles decay at a rate uv.
Infection induces CTL expansion. If the first round of proliferation does not result in virus clearance (reduction of virus load below a defined threshold), the dynamics eventually converge to the following equilibrium outcome.
x* = a + gy*m b ;
Mathematical comparison between programmed proliferation and continuous stimulation
We compare the programmed proliferation model studied here with models which assume continuous antigenic stimulation. Assume that upon antigenic stimulation, the program is executed at a very fast rate (high values of r) and that the turnover of activated and effector CTLs is significantly faster than the turnover of memory cells. In this case, the programmed proliferation model can be reduced to a single equation for the memory CTLs. It is given by _ m = ðc2 n =ðc + dÞ ÿ 1Þaym ÿ em: This is basically the same equation as the continuous stimulation model (10) , where the CTL responsiveness is given by c = ðc2 n =ðc + dÞ ÿ 1Þa: Therefore, the single CTL population in the continuous stimulation model should be considered as the population of memory CTLs. The effector CTL population can be assumed to be in quasi steady state and is given by z = 2 n aym/(c + d). Consequently, the rate of killing is described by p9y 2 m, where p9 = 2 n a/(c + d). The killing term is proportional to the square of virus load (y) because the generation of effector cells from memory cells is proportional to virus load. In the simple continuous stimulation models which have been studied before (10) , the killing term is only linearly proportional to virus load because the model does not distinguish between memory and effector CTLs. More complicated continuous stimulation models which distinguish between memory and effector CTLs have the killing term essentially proportional to the square of virus load (11) .
Results and discussion
Modeling programmed CTL proliferation
A mathematical description of the programmed CTL proliferation concept is given in Methods. In the following, we will summarize the basic assumptions which underlie the model. We start with a population of resting CTLs, denoted by m. Upon antigenic encounter, these cells become activated at a rate aym. These activated cells are denoted by m 0 . Following activation, the CTLs undergo n rounds of proliferation, and this is independent of antigenic stimulation. Proliferation occurs with a rate 2rm i , where m i denotes CTLs which have undergone i divisions ði = 1; . . . ; n ÿ 1Þ: The nth division gives rise to effector cells, denoted by z. They can kill infected cells (or alternatively have non-lytic activity). Effectors die at a rate dz and differentiate into memory cells at a rate cz. Memory cells are again denoted by m since they are resting. If the virus is not cleared after this first round of programmed proliferation, the memory cells are reactivated according to the same principles as described above and undergo another round of programmed proliferation. The only difference is that memory cells are characterized by an elevated activation and proliferation rate compared with naive cells (higher values of a and r, respectively). Note that the exact mechanisms by which CTLs react in response to re-stimulation are still unclear. This topic is further discussed in Implications for the Role of CD4 Cell Help. The model is easily adapted to assume that effectors are generated after n E cell divisions (n E < n) and that effectors subsequently undergo further divisions until they have divided n times (12) . We will consider two scenarios in our analysis. (i) We start with the acute phase of infection; we define this as the dynamics which occur during the first round of programmed CTL proliferation only. (ii) Subsequently, we examine the scenario where virus is not cleared after one round of programmed CTL proliferation and where memory CTLs are reactivated. We refer to this as chronic infection dynamics.
Acute infection dynamics
We ask how host and viral parameters influence the ability of an acute CTL response to clear an infection (Fig. 1) . Regarding CTL parameters, we find an optimal rate of CTL activation (a) and proliferation (r) which maximizes the chance of pathogen clearance. Variation in both parameters produces similar trends ( Fig. 1) . As the rate of CTL activation/proliferation is increased from low to high, the degree of CTL-mediated reduction of virus load becomes stronger (i.e. clearance becomes more likely). The reason obviously is that the immune response becomes more effective. As the rate of CTL activation/proliferation is increased further, however, the degree of virus load reduction by CTLs becomes weaker (i.e. clearance becomes less likely). This is because effector activity is generated fast and the virus can only grow to limited levels. Limited antigenic load reduces the chances to trigger further naive CTLs to expand. This results in the generation of overall fewer effector cells and thus in a reduced chance of clearance. Hence, there is a trade-off between the extent of initial virus growth and the ability of the CTLs to clear the infection. If virus growth is stopped too early and virus load does not reach higher levels, acute pathology is reduced, but fewer CTL effectors are generated. This results in a reduced ability to clear. If virus grows to higher levels, stronger pathology is observed, but the infection is more likely to be cleared. In contrast to this counter-intuitive outcome, the relationship between the rate of anti-viral activity, p, and the chance of clearance is straightforward ( Fig. 1) : the higher the rate of anti-viral activity, the higher the chances to achieve virus clearance.
Among viral parameters, the replication kinetics of the virus, b, significantly determines the chances of virus clearance during the acute phase. We observe an interesting relationship if the viral replication kinetics is changed from low to high (Fig. 1 ). (i) At first, an increase in viral replication reduces the chances of viral clearance because the virus spreads faster. This corresponds to the parameter region where the basic reproductive ratio of the virus is close to one and the infection can just about be maintained. (ii) A further increase in the viral replication kinetics, however, changes this relationship. Now, faster virus replication leads to higher chances of clearance. This is because faster spread quickly gives rise to higher levels of antigen. While this increases acute pathology, it also induces more naive CTLs to undergo expansion which results in more effectors and more efficient clearance. On the other hand, slower virus spread results in lower levels of antigen. While this reduces acute pathology, it triggers fewer naive CTLs into expansion, fewer effectors are generated and this renders clearance less efficient. The virus can be thought of as sneaking past the CTL response by replicating relatively slowly and thereby providing a weak stimulus. This might be observed with relatively slowly replicating viruses, and has been suggested previously as a reason for the persistence of hepatitis C virus infection (13) . Thus, there is again a similar trade-off between the efficacy of clearance and the ability of the response to reduce acute symptoms. (iii) Finally, if the viral replication kinetics is increased further, faster virus spread again decreases the chances of virus clearance. This is because in this parameter region, virus spread is sufficiently fast that at the time of CTL triggering, virus load has already attained the highest possible values. Therefore, a further increase in the viral replication kinetics does not change the level of antigenic stimulation, but merely counters the effect of CTL-mediated anti-viral activity. This is likely to be observed with relatively fast-replicating viruses.
Chronic infection dynamics
Now, we assume that the virus has not been cleared during acute infection and that re-activation of the memory CTLs is required to achieve resolution of the infection. Now, recurring rounds of CTL proliferation will be induced, and the system will eventually converge toward a steady state. (The exact way in which CTL re-stimulation works is still under debate and discussed further in Implications for the Role of CD4 Cell Help.) Virus load at this steady state determines the degree of virus control. If virus load lies below a threshold, this corresponds to clearance in practical terms (reduction to less than one infected cell). Higher virus load indicates persistent infection and reduced levels of virus control. The equilibrium expressions are given in Methods, and their properties are summarized as follows. Virus load is determined by a number of immunological factors. A high activation rate of memory CTLs (high value of a) and a long life span of memory CTLs in the absence of antigen (low value of e) contribute to low virus loads. Also, the higher the number of CTL proliferations (higher value of n), the lower the virus load. The number of CTLs at the steady state is mainly determined by the rate of anti-viral activity, p. The lower the rate of CTL-mediated anti-viral activity, the higher the number of CTLs.
Interestingly, these properties are almost identical to the properties derived from mathematical models which assume that CTL proliferation requires continuous antigenic stimulation (referred to here as 'continuous stimulation model') (10). In fact, the continuous stimulation model is a special case of the programmed proliferation model in which the program is executed with a very fast rate. This is shown mathematically in Methods.
Why programmed proliferation?
Given the similarities in the steady-state properties of the programmed proliferation and the continuous stimulation models, we ask the question why programmed proliferation exists. The answer is that the equilibrium outcome of the model does not tell the whole story (Fig. 2) . We distinguish between two scenarios. First, we assume a strong CTL memory response which gives rise to a very low virus load at equilibrium (clearance). Then, we assume a weaker CTL memory response which correlates with the persistence of higher virus load at equilibrium.
Assume that the CTL response is strong (Fig. 2i) . Consider the continuous stimulation model first. Initially, the CTL response can be very efficient at stopping viral growth and reducing virus load. This is because the rate of CTL expansion increases as the level of virus load, and thus antigenic stimulation, grows. As virus load declines, however, the effectiveness of the response becomes greatly diminished. This is because generation of effectors requires constant antigenic stimulation, and the amount of antigen is low. Consequently, the dynamics enter a phase where virus load settles at a level which is significantly higher than the predicted equilibrium and where virus load declines at a very slow rate (Fig. 2i) . This behavior has been observed before and has been referred to as a 'quasi-equilibrium' since the real equilibrium is not reached in a realistic period of time (11) . Now, consider the programmed proliferation model. In this case, CTL divisions are independent from antigenic stimulation. This provides an initial disadvantage: as virus load grows, the increased level of antigenic stimulation does not result in faster CTL expansion and the virus can more easily grow to high levels and cause acute pathology. As virus load is reduced to low levels by the CTLs, however, the CTLs can keep dividing despite the small amounts of antigenic stimulation. Thus, in contrast to the continuous stimulation model, production of effectors does not slow down abruptly as virus load drops. Consequently, CTL-mediated pressure is maintained at low virus loads and this results in efficient Fig. 1 . Relationship between host and viral parameters and virus dynamics during acute infection. Among the host parameters, we consider the rate of CTL activation and proliferation (a and r), as well as the rate of CTL-mediated anti-viral activity (p). Among the viral parameters, we consider the replication rate (b). Two measures are plotted. The minimum virus load is an indicator of the chance that the infection is cleared. The lower the minimum load during acute infection, the higher the chances of clearance. The peak virus load indicates the severity of acute symptoms. (i and ii) As the rate of CTL activation/ proliferation is increased from low to high, we first observe a reduction in both minimum and peak virus load. As the rate of CTL activation/ proliferation is increased further, we find that minimum virus load becomes higher while peak virus load becomes lower. Thus, while acute symptoms are reduced in this parameter region, the chance to clear is also reduced as a result of lower levels of antigen and stimulation. (iii) The higher the rate of CTL-mediated activity, the lower the minimum and peak virus loads. (iv) A faster viral replication rate leads to higher peak virus loads. The relationship with the minimum virus load is more complicated. At very low rates of viral replication (parameter region where the infection can just about be maintained in the host), increased replication correlates with higher minimum virus load. At slightly faster rates of viral spread, however, faster replication correlates with reduced minimum virus load and higher chances of clearance. This is because faster virus spread leads to higher peak virus loads, and more antigenic stimulation. If the rate of virus spread is still higher, we again observe the opposite: faster virus replication correlates with increased minimum virus loads and reduced chances of clearance. This is because peak virus loads have reached their maximum in this parameter region and increased virus spread only counters the CTLs and does not increase the level of antigenic stimulation. Baseline parameters were chosen as follows. k ¼ 10;
reduction of the virus population to very low levels or extinction. Thus, clearance can occur before the system converges to an equilibrium (Fig. 2i) . As a consequence, however, we again observe a trade-off between the ability of the CTLs to clear an infection and to reduce acute phase symptoms. Thus, to optimize the fitness of the host, there should be enough programmed divisions to ensure clearance, but no more such that acute pathology is limited. We hypothesize that the 7-10 antigen-independent CTL divisions observed in experimental data represent this optimum. In principle, the optimal number of cell divisions for host fitness could be determined in the model. Lack of the appropriate parameter values and uncertainties regarding the exact assumptions about host fitness would, however, prevent us from attaining any further useful insights at this stage. Now assume a weaker CTL memory response (Fig. 2ii) . In this case, equilibrium virus load is higher which can correspond to persistent infection. The same equilibrium is reached, both in the continuous stimulation and the programmed proliferation model. The outcome of the dynamics does not depend significantly on these model differences. Thus, if the CTLs fail to resolve the infection, the continuous stimulation and the programmed proliferation models give rise to similar predictions.
Robustness of previous results: role of effector molecules
Most of the theoretical literature so far has used mathematical models which assume that continuous antigenic stimulation is required for CTL expansion (14) . How robust are these results in the context of programmed proliferation? The above discussion has shown that there are both differences and similarities in model predictions. It is clear that details of acute infection dynamics are not accurately represented by continuous stimulation models. This phase is characterized by the activation of naive cells and the subsequent antigen-independent expansion of the activated CTLs; this is only captured in the program model. If antigen is not cleared after one round of programmed proliferation, and if memory CTLs become reactivated, however, the predictions of the continuous stimulation and the program model become similar. This is especially true in the context of prolonged virus persistence. We will elaborate on this in the context of an interesting debate: the role of effector molecules, such as IFN-c and perforin, in determining CTL homeostasis.
In mice deficient of perforin or IFN-c, elevated levels of CTLs are observed. Based on continuous stimulation models, it has been argued that reduced CTL-mediated effector activity results in elevated levels of antigenic stimulation and thus in higher numbers of CTLs (15, 16) . On the other hand, it has been argued that this explanation cannot work in the context of programmed proliferation since the program is antigen independent. Hence, it was proposed that the effector molecules somehow directly modulate the CTL response (17) (18) (19) ; this would be an additional function of effector molecules which is independent from their role as effectors. While we cannot evaluate this notion with theory, the model presented here shows that programmed proliferation is not at odds with the hypothesis that a difference in effector activity alone can explain the observation. This requires that memory cells become re-stimulated once or more before the infection is cleared. In this context, it is interesting to consider recent results by Christensen et al. (20) . They studied CTL dynamics in vesicular stomatitis virus (VSV)-infected mice deficient in perforin and/or IFN-c. In the context of VSV, these molecules do not contribute substantially to effector activity and clearance. The experiments showed that perforin and IFN-c did not significantly regulate the level of virus-specific CTLs. This result supports the notion that effector activity itself may be what drives the regulation of CTL numbers by perforin and IFN-c.
Implications for the role of CD4 cell help
The model has interesting implications for understanding the role of CD4 T cell help. This has been heavily debated in the Fig. 2 . Comparison between the programmed proliferation model and a continuous stimulation model (as derived in Methods). We distinguish between virus dynamics in the presence of a strong CTL response (which can lead to low virus loads and clearance), and a weak CTL response which results in persistent infection. (i) If the response is strong, programmed proliferation leads to higher peak virus loads during acute infection, but leads to more efficient clearance compared with the continuous stimulation scenario. In the continuous stimulation model, virus load converges only very slowly to its equilibrium value, and this hinders clearance. The reason is that effector production relies on continuous encounter with antigen which is limiting at low loads. (ii) If the CTLs are weak and persistent infection is established, both the programmed proliferation model and the continuous stimulation model have similar properties: they converge to the same equilibrium. The program model takes slightly longer to converge to the equilibrium because there is delay between induction of the response and the generation of effectors. Parameters were chosen as follows:
literature. With some infections, help seems crucial for viral clearance, while with other infections viral clearance can be achieved in the absence of help (21) (22) (23) (24) (25) (26) (27) (28) (29) . Recent experiments suggest that the acute response and memory cells can be generated regardless of help but that the ability of memory CTLs to become activated in response to re-stimulation and to be maintained crucially depends on the availability of help (6) (7) (8) . The mechanism which underlies this observation is unclear (7, 8, 30) . Some studies suggested that the helper cells somehow 'program' the CTLs during acute infection and that the subsequent availability of help has no influence (7, 8) . On the other hand, a recent study indicates that the presence of help may be continuously required to maintain memory in the long term (30) .
We would like to point out that the above scenario might only hold in the context of infections which persist. In this case, the memory cells which develop after acute infection need the presence of help in order to become reactivated by the persisting virus. The dependency of CTL memory activation on help can be different in the context of exogenous re-infection. That is, if a host is primed with a virus which is cleared, and subsequently re-infected with the same virus. In this case, the re-activation of memory CTLs could occur in the absence of help, as observed in recent experimental data (31) . The reason for this difference could be as follows. If an infection is initiated in a host, whether for the first time or upon re-infection, certain innate responses develop which signal the presence of 'danger'. This allows CTL activation and proliferation to occur at normal levels in the absence of help. On the other hand, in the context of a persisting virus, these innate signals which are present during the initial stages of the infection vanish as the virus remains present. In this case, the re-activation of memory CTLs strictly depends on help.
Here, we concentrate on the dynamics of a virus which has the potential to persist, resulting in the helper-dependent reactivation of the memory CTLs. In terms of our model, we can assume that the absence of help corresponds to the successful execution of only one round of programmed proliferation, without the re-activation of memory cells. On the other hand, the presence of help corresponds to the ability of memory CTLs to become repeatedly reactivated. We have explored the conditions under which a single round of proliferation can or cannot result in virus clearance; these should be the conditions under which helper-deficient hosts can or cannot clear infections.
The model suggests that the main viral parameter which could determine whether help is needed for the resolution of infection is the viral replication rate. As discussed above, the relationship between the viral replication kinetics and the ability of a single round of proliferation to clear the infection is complex. For relatively slowly replicating viruses, it is possible that an increase in the rate of viral spread increases the chances of viral clearance because CTLs receive a higher antigenic stimulus. On the other hand, in the parameter region where viral replication is generally faster, an increase in the rate of viral spread always increases the chance of viral persistence. Therefore, when comparing viruses which are characterized by different replication rates in general, it is difficult to predict how replication kinetics correlates with the need for help to resolve the infection.
The easiest scenario is given by the comparison of viruses which differ in their rate of spread but which all replicate at a relatively fast rate. In this parameter region, the model suggests that increased viral replication kinetics correlates with an inability of CTLs to clear the infection in the absence of help. Moreover, the model suggests the following dynamics in helper-deficient hosts (Fig. 3) . The CTL response initially reduces virus load to low or undetectable levels. This is because the acute response does not depend on help. If the viral replication rate is relatively slow, this results in clearance or long-term control. Otherwise, this is followed by a resurge of the virus population after a given period of time, which correlates with the lack of memory CTL responses. The time it takes for the virus to resurge depends on the rate of viral replication. The faster the replication rate, the quicker the virus population grows back (virus load is reduced to a lesser degree and can subsequently grow faster in the absence of memory responses).
Model predictions regarding the dynamics in the absence of help fit well with experimental data from virus infections in helper-deficient mice. Lymphocytic choriomeningitis virus (LCMV) is a good case study. It is a relatively fast-replicating virus, but comes in different strains characterized by different replication kinetics (32) . As suggested by the model, if the replication rate of the virus is slower, such as with LCMV Armstrong, absence of help results in the clearance of the infection (33) . Faster replicating strains of LCMV (such as Traub), however, result in persistent infection (28, 32, 34, 35) . In accord with the model, the experimental data show that the acute CTL response initially reduces virus load to low levels and that the virus population subsequently grows back (28). In Fig. 3 . Simulation of virus dynamics in helper-deficient hosts. We assume that one round of programmed CTL proliferation is induced in helper-deficient hosts which results in the generation of memory cells. The memory cells cannot, however, be reactivated anymore. The dynamics depend on the rates of viral replication. We compare different viruses which are generally fast replicating, but which differ in their exact replication kinetics, b. This could correspond to LCMV infection. Virus load grows to a peak and is then down-regulated by the CTL response. Because memory cells cannot become reactivated, however, the virus population can grow back from low levels. The lower the rate of viral replication, the longer it takes for the virus to grow back, and the longer the duration of virus control. addition, virus resurgence is observed earlier with faster replicating viruses (28) .
Conclusions
We have examined a mathematical model which describes programmed CTL proliferation in response to viral infections. We investigated how the process of programmed proliferation influences the infection dynamics, in particular the ability of the response to clear the virus. Programmed divisions improve the ability of the response to clear an infection, but reduce the ability of the response to catch up with a growing virus population and limit acute symptoms. We hypothesized that the 7-10 cell divisions observed in experiments represent an optimum: fewer divisions would compromise clearance; more divisions would result in too much acute pathology. In the context of prolonged antigen persistence, we found that predictions derived from the programmed proliferation model were very similar to those derived from the continuous stimulation models. Therefore, many of the previous results regarding persistent infections obtained from continuous stimulation models should remain robust in the context of programmed CTL proliferation. We have discussed the interpretation of experimental data in the context of VSV and LCMV infection. Further experiments will have to be performed in order to examine some model assumptions more accurately. Experimental data have analyzed CTL dynamics during acute infection in much detail. The exact events which occur upon re-stimulation of memory cells are less well established. Experiments should determine whether the proliferation program is simply repeated at every stimulation event (as assumed here), or whether additional complexities need to be taken into consideration. In addition, it would be interesting to compare the number of programmed CTL divisions in different virus infections, and across different host species. The 7-10 programmed divisions found so far might vary, reflecting the optimal number of divisions required to prevent acute pathology and to maximize the chances of clearance.
